Abstract. Exact solutions, in terms of special functions, of all wave equations uxx − utt = V (x)u(t, x), characterised by eight inequivalent time independent potentials and by variable separation, have been found. The real valueness of the solutions from computer algebra programs is not always manifest and in this work we provide ready to use solutions. We discussed especially the potential cosh −2 x(m 1 + m 2 sinh x). Such potential approximates the Schwarzschild black hole potential for even parity.
Introduction
In the frame of our research work on analytic solutions of black holes differential equations [1] , we have determined the analytic solutions of all wave equations with time independent potential V (x): 
for the wave equation:
These potentials characterize the wave equation by variable separation [2] . They may be reduced to eight irreducible forms. The potential (6) is equivalent to potential (12) with the change of variables:
while potentials (3, 4, 5) are equivalent to potential (2) with the following change of variables respectively:
where
The general form of the solution with separated variables of eq.(13) is:
, and φ 1 (ω 1 ) and φ 2 (ω 2 ) are arbitrary solutions of the separated ordinary differential equation:
c i being the separation constant and i = t, x. The wave equations separate in several coordinate systems, among which the commonest and simplest poses ω 1 = t, ω 2 = x, g t = 0 and g x = V (x). With the support of Maple 7 software, we have obtained the general solutions of all differential equations, analyzed their properties and demonstrated their real valueness. The solution for the time dependent function φ t equation:
is:
The solutions
The space dependent solutions we present in this Section have been obtained by simplifying the results returned by the odesolve function of Maple 7. The solutions corresponding to potentials (7,8,9) require an additional effort to obtain a readable form, directly presented herein. Ref. [5] has been used for special function properties. The applicability, the properties, and the real valueness of the solution corresponding to potential (8) have been considered in the next section. For the potential (1), the space dependent solution can be written in terms of Airy functions:
or in terms of Bessel K and I functions:
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For the potential (2), the space dependent solution is:
where J and Y are Bessel functions. For the potential (3), the space dependent solution is:
where P(ν, µ, z) = P µ ν (z) and Q(ν, µ, z) = Q µ ν (z) are associated Legendre functions of the first and second kind, respectively.
For the potential (4), the space dependent solution is:
For the potential (5), the space dependent solution is:
For the potential (6), the space dependent solution is:
For the potential (7), the space dependent solution is:
where F indicates Gauss hypergeometric function 2 F 1 and the parameters a, b, c and z are defined by:
For the potential (8) the space dependent solution is (see next section):
For the potential (9), the space dependent solution is:
For the potential (10), the space dependent solution is:
where W and M are Whittaker's functions. For the potential (11), the space dependent solution is equal to the solution for the potential (2), while for the potential (12), the solution is trivial:
The Regge-Wheeler-Zerilli equation
Regge and Wheeler [3] proved the stability of the Schwarzschild black hole in vacuum for axial perturbations, while Zerilli [4] found the equation for polar perturbations. The latter is written in terms of the wave-function Ψ l , for each l-pole component :
is the tortoise coordinate and the potential V l (r) is:
while λ = 1 2 (l − 1)(l + 2). The Zerilli potential (35) maybe approximated in a selected radial coordinate domain by the potential (8). The polar potential is thus substituted by:
where A, m 1 , m 2 , k are parameters depending on l and M , for proper curve fitting. The general form of the solution is:
where ψ li , i = r * , t are solutions of the o.d.e.:
The
]Ψ l = 0 separates in four coordinate systems, among which the following is the only with an explicit relation for ω i :
In order to write the solution corresponding to the potential (8) in a more suitable way, we assume c x < 0 and we introduce new real parameters k, x, µ 1 , µ 2 and σ such that:
Consequently:
Accordingly, the potential (35) can be rewritten as follows:
where the function w(z) has to be a solution of the hypergeometric equation: 
Eq.(38) has, therefore, the following expression: 
